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By substitution into Eq. (8), the unknown displacements are
21 = DwPo + DuDupo — DiwP) (11)
Noting that

b= {(bbs ... b, ...}
S= {SUS'z...S,,.‘.}
w= {wws ... wy...}

f=0hf - f.._|

then, from Eq. (1), considering all of the elements,

S = bP = boPy + bDyu~X(pe — DioPy) a2)
and, similarly,
w = fS = fboPo + foDu~ (po — DuPy)  (13)
As D equals b’fb, then
Dy = bo'fby = Zboy"fobog
Doy = bo'fby = Zboy"fob1,
Dy = bi'fby = Zb1,"fbos
Dy = b/fbr = Zb1,'fbsg
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By substitution into Eq. (8), the unknown forces are
Ry = Curo + CaCuu™'(Ro — Cuoro) ay
Noting that
a = {mos...a, ...}
v o= {ows ... v, ...}
T={TT...T, ...}
B =1 kke ... kg ..._|

then, from Eq. (1), considering all of the elements,

v = ar = agro + mCu Ry — Cuoro) (12)
and, similarly,
T = kv = kaoro + kayCu*(Bo — Cuory) (13)

As’C equals a’ka, then
Coo = a’kao = Zao, ke,
Cu = a'kar = Zao, k0,
Cio = a'kao = Zar, ka0,

011 = a1’ka1 = Zala,kgalg

It may be noticed that, for a structure under either applied forces or imposed displacements, Egs. (10-13) will reduce to those

that Argyris derived by a different approach.
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Hypersonic Sharp-Leading-Edge Prob-
lem for Axially Symmetric Bodies

Jay M. Soromon*
U. 8. Naval Ordnance Laboratory, White Oak,
Stlver Spring, Md.

URING the past several years, the so-called hypersonic
sharp-leading-edge problem has been the subject of
several investigations. Al of these have been concerned
with the particular case of a flat plate at zero incidence. The
present note applies some of the methods developed for the
flat plate to other bodies, in particular to pointed bodies of
revolution at. zero incidence. The present analysis is based
on the viscous-layer model used by Oguchi® in his first analysis
of the sharp-leading-edge problem. Essentially, Oguchi!
assumes that 1) all rarefaction effects very near the tip are
negligible; 2) the undisturbed flow is separated from the
disturbed flow by a thin, nearly straight shock wave, which
is attached at the leading edge and which satisfies the oblique
shock relations; and 3) the flow behind the leading-edge
shock wave forms a continuum viscous layer, which is suffi-
ciently thin so that the Navier-Stokes equations can be
truncated to their boundary-layer form.

Because of these simplifications, Oguchi’s results show
some inconsistencies® ¢ (as do the results of Jain and Li? and
Bendor? which also employ Oguchi’s model). However,
these analyses yield surface pressures very near the leading
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edge which are considerably more realistic than those pre-
dicted using strong interaction theory. Herein lies the justi-

“fication for applying Oguchi’s ideas to pointed-nose bodies of

revolution.
Analysis

Longitudinal curvature effects throughout the layer are
assumed negligible. Furthermore, the gas is assumed to be
perfect and to have constant ¢, and Pr.t By the foremen-
tioned assumption 3, the applicable equations are the bound-
ary-layer equations that include transverse curvature terms
le.g., Egs. (1.2-1.5, 1.8, and 1.9) of Ref. 5]. These equa-
tions are obtained from the full Navier-Stokes and energy
equations by neglecting terms of the order of A/L, where A
is of the order of the viscous-layer thickness, and L is of the
order of the viscous-layer length. By assumption 2, the
dependent variables v, v, p, p, and H must attain the values
Us, Vs, Dsy Ps, and H T respectively, at some unknown but
finite shock-wave distance y(x). Furthermore, the values
us, Us, ete. are given by the oblique shock relations and
hence depend on M. and the local shock-wave angle .
Note that, neglecting longitudinal curvature, ¢ is related
to y, by

dys/dz = tan(y — a) (1)

For hypersonic conditions (i.e., M, > 1), the oblique shock
relations indicate that

Dy = Uo[(1 — ) sine + 2 sin(yy — @) cosy}/(y +1) (2

t The coordinate system and notation used herein will agree
with that of Yasuhara’ except where otherwise defined.

1 The subscript s will herein denote quantities evaluated
directly behind the shock wave.
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whereas the thin-layer analysis indicates that ».,/u. ~
0(A/L). Since longitudinal curvatlure is neglected, (¥ — )
~ 0(A/L); thus, in order to make Eq. (2) consistent with
the thin-layer assumption, it must be assumed that (y — 1)
sine/(y + 1) ~ 0(A/L), which is to be verified a posteriori.
In the present analysis, it will be convenient to replace Fq.
(2) by the “over-all” mass conservation equation, viz.,

Ys
Policls® = 2 f o TPudy (3)

Thus, the system of equations to be solved consists of Egs.
(1.2-1.4 and 1.8) of Ref. 5 along with Eq. (3), subject to the
surface conditions u(z, 0) = 0, v(z, 0) = 0, H(z, 0) = H.(x),
and the shock conditions (for M, >> 1)

w(Z, Ys) = Ue COSA
P, ys) = 2vpMo? sin®d/(y + l)l

@
TGz, y) = 2y(y — DT.M.2sin/(y + 1)2 S
H(fl), yS) = Hm

In the first expression of Eq. (4), terms of order u.(¢ — o)
sina have been neglected. It can be shown* that the resulting
value for v, obtained from this system agrees up to the order
(¢ — o)? with that given by Eq. (2).

The analysis will be sketched now under the additional
assumptions g « T3¢ < w < 1), H» = const, and Pr = 1.
(For a more detailed description, see Ref. 4.) Following
Oguchi’s analysis, a boundary-layer local similarity-type
transformation is performed; i.e., the new independent vari-
ables are defined by

£ = u, foz Pululs® cOSdL
T [ ®
and the new dependent variables are defined by$§
©=H—-H,)/(H, — H,) (6)
A final transformation given by
X =g Y = n/9 Fo=71/n )
reduces the differential equations to the following form:
(v — DA®[sin?Y]
2v cos’a
O] =0

In the preceding, A = ¢,T/H.. = Ny + (1 — )0 — (I'y)?

fo = u/(u coscr)

D[Fy] = 92 { -+ (Fy)ZCB[cosa]}

®

cos?a, and the operators © and ® are defined by
Dal = [ + {P)Nhy]y —
nH3X(Fyhy — Fxhy) + (®B[n,] — 1)Fhy}
®Blh] = 2X/3h)(dh/dX)

where

pM A\e—1
=)
[T Ao

o 0= DD,
29 Pl w? SiN%Y

PEfOYAdY

Equation (3) is transformed into

L+ {PX, 1) 2@, 4¢ sin®y

FX, 1)  patters? 2 — 1 ®)

§ An independent variable used as a subscript will denote
partial differentiation with respect to that variable.
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The boundary conditions become F(X, 0) = Fy(X, 0) = 0,
Fe(X,1) = 1,6(X,0) = 0,06(X, 1) = 1. The parameter
¢ is the transverse curvature parameter for the viscous
layer.*

Consider now the asymptotic solution of the original
system near & = 0 (as suggested by Jain and Li? and Bendor?
for the flat-plate problem). The bodies being considered are
assumed given in the form r, = rnz + 0@?) or @ = oy -+
0(x) with 0 < ap < 90°; also, since the shock wave is assumed
attached at the tip, it has the form ¢ = ¥4 -+ 0(z) with
oy < Yo < 90°. Therefore, by Eqs. (5) and (7), X = cx +
0(2?), where ¢ is a positive constant. The transformed system
is thus to be considered near X = 0. Equations (8) and
(9) and the boundary conditions suggest the following ex-
pansions about X = 0:

(X, Y) = F(Y)+ (X + ...
OX,Y) =0Y)+0,(X + ...
(X =0+0X+. .. 72 X) =X 4+ ...

Only the leading terms will be considered herein.
Substitution of Eq. (10) into Eqs. (8) and (9) yields the
following system for the leading terms:

[(L + GPo)NoFo"]" = 0
[A+ &GP Ne©y' = 0

Fo(0) = Fy'(0) = 64(0) = 0
Fo'(1) = 6(1) = 1

(1 4 SPo(DY/Fo(1) = 4v§osin®h/(v* — 1) (12)

In the preceding, the quantities N, and P, are N and P,
respectively, evaluated with F, 6, and « replaced by their
zero-order terms. In order to use Eq. (12), a relation be-
tween ¥, and the other transformed variables must be ob-
tained. To do this, note that [r, -+ 7. cosa]? = r,2[l +
¢P(X, 1)]. Differentiation of this and use of Egs. (1) and
(10) yield, for the leading terms, tan(y¥s — ag) = (¢ — 1)
tanay where ¢? =1 4 {oPo(1). This expression may be used
to eliminate ¥, in Eq. (12) to obtain

(10)

o

(v? — 1) ¢* cot?ay
4v[? cos(2ay) + 2¢ sin?oy — sin’ag[F(1) (13)

§0=

In order to obtain the preceding, the approximations tan(y,
— ) = sin(¥y — ) and sin2y, =~ sin?(¥y — ) cos(2e) -
sin(ys — o) sin(2aq) 4 sin%ap, which are within the thin-
layer approximation, were used.

Equation (11) indicates that ¥y’ = 6,; hence, 6, can be
eliminated from Eq. (11). For fixed {, the integrodifferen-
tial equation for ¥y in Eq. (11) can be solved in the form

Y = [ 4010 exolsuCy/Bat =
I 5, 6) (14

where

CO = [ A%dr A = M+ (1= Nt — £ costa
and 8 is a constant of integration equal to A, ~1F"(0). The
constant 8 is given implicitly by 8 = I(1; &, 83), which fol-
lows from Eq. (14), and the condition Y(1) = 1 [i.e., Fo'(1) =
1]. The quantities Fy(1) and ¢, which appear in Eq. (13),
may be expressed as

Fo(1) =1 — fol Y(t)di ¢* = exp{{C(1)/B}

The latter is obtained by using Fo"(0) = F"(1)N,(1)

9 A prime indicates differentiation with respect to Y.
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Fig. 1 Tip pressure ratio.

exp{ {C(1)/8}, which is Eq. (14) differentiated and evaluated
at Fo! = 1, and [1 + &HPo(1) INo(1)Fo"(1) = Fo”(0), which is
the first expression in Eq. (11) integrated and evaluated at
Y = 1. Equation (13) thus yields {, implicitly.

The principal result is the surface pressure. It is obtained
from Eqgs. (4) and (10) in the form p./p. = po + 0(z) where,
from Egs. 4) and (12), po = (v — DM/ [2{Fo(1)].
Some results for p, are shown in Fig. 1. A more complete
presentation of results can be found in Ref. 4, which also in-
cludes some results for two-dimensional pointed-nosed
bodies.
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Switch-Triggered Pulsed Plasma
Accelerator Thrust Measurements

Wirriam J. Guman®
Republic Aviation Corporation, Farmingdale, N. Y.

HE electrical discharge in many pulsed plasma acceler-

ators intended for space propulsion is initiated by in-
jecting gaseous propellant into the interelectrode spacing of
electrically charged electrode nozzles. Initiating an electrical
discharge in this manner is frequently called “propellant-
triggering.” The advantage of this triggering technique is
absence of a repetitive, fast-acting, high-current switch in the
electrical network of the accelerator. However, propellant-
triggered accelerators generally electromagnetically ac-
celerate only a portion of the injected propellant. By intro-
ducing a switch into the electrical network it becomes possible
to delay application of voltage relative to propellant injection
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and therefore to vary propellant utilization. This note
presents experimental data showing that, with a switch-
triggered pulsed plasma accelerator, it is possible to vary
specific thrust even after the initial drop in thrust.!

During the propellant injection phase of a propellant-
triggered accelerator, gaseous propellant expands across a
valve seat and through injection ports into the evacuated in-
terelectrode spacing of the electrode nozzle. The inter-
electrode gas pressure rises in the neighborhood of the in-
jection ports, and an electrical discharge occurs during this
pressure rise. Since the time-varying interelectrode pressure
rises from a value below the pressure level corresponding to
the low-pressure branch of a Paschen curve, the electrical dis-
charge takes place with the breakdown voltage-pressure
relationship represented by the equivalent of the low-pressure
branch of a Paschen curve. Once the discharge is initiated,
the mass distributed in the interelectrode spacing is swept out
of the nozzle within & few microseconds. Because it is not
possible to terminate propellant flow instantly, gaseous pro-
pellant usually continues to enter the interelectrode spacing
after termination of the electrical discharge. It is neither
possible to energize this “afterflow” of propellant, nor to in-
ject, prior to the electrical discharge, an arbitrary quantity of
mass having peak pressures near the high-pressure branch
of the Paschen curve. An accelerator that uses a switch to
delay application of voltage relative to propellant injection
usually energizes some propellant “afterflow,” besides making
it possible for an arbitrary quantity of propellant, having an
arbitrary peak interelectrode pressure, to be injected prior to
the acceleration process. It must be noted, however, that
switch-triggering offers no advantage over propellant-trig-
gering if the maximum value of the injected time-varying
interelectrode pressure is just equal to the minimum pressure
required to initiate the electrical discharge by propellant-
triggering (i.e., by shorting the switch). To utilize the ad-
vantages of switch-triggering, it is necessary to inject either
more gaseous propellant, or gaseous propellant at a
higher pressure, into a switch-triggered accelerator rather than
into the same accelerator operated by propellant-triggering.

In the present study, a low-pressure, linear pinch-type
switch was devised and inserted in series into the electrical
circuit of a pinch-type pulsed plasma accelerator. The inter-
electrode spacing of the switch was left open to ambient
background pressure of the vacuum chamber (107% to 5 X
10—* torr), and the switch was “closed” by discharging four
uniformly distributed Bendix surface igniter plugs into the
interelectrode spacing of the switch. To preclude a potential
across the electrode nozzle prior to switch activation, a large
resistance was permanently connected across the two elee-
trodes of the nozzle. Capacitor voltages ranging between
1 and 1.5 kv were examined during all of the studies reported
herein, with discharge energies ranging roughly from 250 to
350 joules. Current traces of the main discharge were taken
during accelerator operation with the switch shorted by a con-
centric shorting ring and were found to be essentially the same
as when the switch was not shorted. A distortion of the
current waveform, such as frequently encountered in low-
pressure switches, was not observed. An electromagnetically
driven valvet was used to inject gaseous propellant into the
interelectrode spacing of the electrode nozzle. Only nitrogen
was used as the propellant during the tests reported in the
first part of this study. The upstream propellant supply
pressure and the valve voltage were kept fixed at such values
as to produce an electrical discharge for all imposed delays
between propellant injection and voltage application. The
accelerator assembly was mounted on a thrust stand, and
thrust data was taken after the initial drop in thrust® as a
function of the imposed time delay between valve activation
(i.e., propellant injection) and engine voltage application.
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